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Circle

Definition:
A circle is the locus of a point which moves on a plane in such a way that its distance from a
fixed point is always constant. The fixed point is called the centre of the circle and the

constant distance is called the radius of the circle.
In the Fig 3.23, P(x, y) is the moving point, C is the centre and CP is the radius.

1.  Standard form (Equation of a Circle with given centre and radius)

Let C(u, ) be the centre of the circle and radius of the circle be 'r’

Let P(x,y) be any point on the circumference of the circle.

Then, P(x.»)
CP=r

By distance formula,

J{x—a): +(y=p)° =r




O, (x-a)+(y-p)P=rt

Which is the equation of the circle having centre at (@, #) and radius ', which is known as
standard form of equation of a circle.

Note: If the centre of the circle is at origin, (0,0) and radius is 'r’, then the above standard
equation of the circle reduces to x? + y? = r2,

Some Particular Cases:
The standard equation of the circle with centre at C(a, #) and radius r, is

(x—a)+@y-pY=r? (1)
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(i) When the circle passes through the origin
From the Fig 3.24, In right angle triangle AOCM,
0C?=0M* +CM? ie. rP=a?4p*

Then eqn (1) becomes,
(x=a)+(y =B =a’+p*

Or, x2+y2=2ax-28y=0

(i) When the circle touches x — axis

In the Fig 3.25, Here, r = 8

Hence, the eqn (1) of the circle becomes,
(x—a)*+(y—-p)*=p°

Or, x*+y*—2ax—-2fy+a’=0

(iii) When the circle touches y - axis

In the Fig 3.26, Here, r = a

Hence, the eqn (1) of the circle becomes,
(x-a)+(y-py=a?

Or, x?+y*=2ax-28y+p*=0
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(iv) When the circle touches both the axes
In the Fig, 3.27,Here,a=f=r
Hence, the eqn (1) of the circle becomes,
(x=1r)4+(y=r)=r?
Or, x2+y2—=2rx—=2ry+ri=0
(v) When the circle passes through the origin and centre lies on x- axis
Here,a =rand =0
Hence, the eqn (1) of the circle becomes,
(x=r)+(y-0)>=r?
Or, x2+y?-2rx=0
(vi) When the circle passes through the origin and centre lies on y- axis
Here,a =0andf =r
Hence, the eqn (1) of the circle becomes,
(x=-02+(y-r?=r?
Or, x2+y?-2ry=0

Some Solved Problems

Q- 1: Find equation of the circle which has centre at (2, 3) and radiusis 4 .

Sol:

According to the standard form, the equation of circle with centre at (a, #) and radius r is
(x-a)+(y-p*=r

. Equation of the circle with centre at (2, 3) and radius 4 is,
(x-2)*+(y-3)°=(4)°

Or, X¥+y -4x-6y+13=16

Or, ¥+ )y -4x-6y—-3=0

Q- 2: Find equation the circle which has centre at (1, 4) and passes through a point (2, 6).

Sol:
Given C(1,4) be the centre and r be the radius of
the circle. The circle passes through the point P(2, 6)

PC=r
Or, (2-1)* +(6—4)* = r (By using distance formula) P(2.6)
Or, Jl+4=r
or, r=+5
By using standard form of the circle, Fig 3.30

Equation of the circle with centre at C(1,4) and radius V5 is

(x- 17+ (y- a1 = (5]
Or, ¥+ )y —-2x-8y+1+16=5
Or, ¥+ )y -2x-8y+12=0

Q- 3: Find equation of the circle whose centre is at (5, 5) and touches both the axis.
Sol:

The centre of the given circle is at (5, 5).
Since the circle touches both the axes,
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radius,r =5
According to the standard form,
.. Equation of the circle with centre at C(5,5)
and radiusr =5 is
(x-5)*+ (y-5)°=(5)°
Or, X+yY-10x-10y+25=0

Q- 4: If the equation of two diameters of a circle are x—y =5 and 2x +y = 4, and the
radius of the circle is 5, find the equation of the circle.

Sol:

Let the diameters of the circle be AB and LM, whose equations are respectively,
x—y=5 (1)

and 2x+y=4 (2)

Since, the point of intersection of any two diameters of a circle is its centre and by solving
the equations of two diameters we find the co-ordinates of the centre,
.. Solving eqns. (1) and (2}, wegetx =3 andy = -2
Therefore, co-ordinates of the centre are (3, —2) and radius is 5.
Hence, equation of required circle is
(x=-3Y¥+(+2)?=5%
Or, x*+y*—6x+4y+9+4=25
Or, x*+y*—6x+4y—-12=0

Q-5: Find the equation of a circle whose centre lies on positive direction of y — axis at a
distance 6 from the origin and whose radius is 4.
Sol:

Given, the centre of the circle lies on positive y-axis
at a distance 6 units from origin.

y-axis

.. The centre of the circle lies at the point C(0, 6). a
Hence, equation of the circle with centre at C(0, 6) and clo.6)
radius '4' is 6
(x = 0)? + (y — 6)% = 42
Or, x*+y*—-12y+36=16 o e

Or, x*+y*—12y+20=0

Fig 3.32
2. General form 8

Theorem: The equation x* + y* + 2gx + 2fy + ¢ = 0 always represents a circle whose

centre is at (- g,—f) and radius Is \/gZ + f2 — c.
Proof:

The given equation is x? + y> + 2gx + 2fy +c =0

Or, (x*+2gx+g)+0*+2fy+f)=g*+f~c

Oor, (x+gP+@+)*=(g*+Ff? —CJZ
o, {x—(-gP+y— (=P =g +/7=c)

Which is in the standard form ( i.e. (x —a)? + (y — f)? = r? ) of the circle with centre at
(a, ) and radius 'r.



Hence the given equation x2 + y2 + 2gx + 2fy + ¢ = 0 represents a circle whose centre is
(-9.-f) ie. (—% coeff. of x, -% coeff.ufy),

i Z 2
Andradius = /g2 +f¢—-c= J(—% coeff. ul’x) + (—% coeff. ny) — constant term

Notes : Characteristics of the general form of equation of circle
The characteristics of general form x? + y* + 2gx + 2fy + ¢ = 0 of a circle are
i. Itis quadratic( of second degree) both in x and y.
ii. Coefficient of x? = Coefficient of y2.
iii. Itis independent of the term xy, i.e. there is no term containing xy.
iv. Contains three arbitrary constants i.e. g, f and c.

Note : To find the centre and radius of the circle, which is in the form ax? + ay? + 2gx +
2fy+c=0,wherea =0,

Divide both sides of the equation by coefficient of x2 or y2 (i.e. a) to get

x? + y? +%‘g.r+2:’ry+£= 0,

Which is in the general form of the circle

Hence, the co-ordinates of the centre are (—% coeff. of x, —% cnel’f.nfy)

o S ...lz_f)=(_£ _L)

z2a' 2 a a' a

' 1 2 1 ff. of z
and radius= J(-—; coefl. nfx) + (—E coeff. o y) — constant term
= ’zﬁ L_ct
~ +Ja? +a2 a

Example-1:
Let the equation of a circle be 25x% + 25y%2 —30x — 10y —=6=10
To find the centre and radius of the above circle, divide by coefficient of x2 i.e. 25, as

NI I i
X +}i' 25x 25 25 0

2 g & 2.0 b
Or,x“+y“=gx—2¥ =0

3 1 6
Or, x? +y2 + 2 (—E)I + 2(—;)}' + _'ZE) =0,
1 .
which is the general form of circle with centre at (—g,—f) = (% E) and radius

V-6 -

Example-2:

Consider the equation of a circle x(x +y — 6) = y(x — y + 8)

Or, xZ+xy—6bx=xy—y2+8y

Or, x*+y*—6x—8y=0,

Which, is in the general form of circle.

.. Centre = (-g,—f) = (—% coeff. of x, —% coef. ufy) = (—% (—6),—% (—B)) =(3,4)




andradius = /g2 + f2—-c= J(—% coeff. (ijnr)2 + (—% coeff. ufy)2 — constant term
= J(—§ (—:5))2 + (—%(-—B))2 ~0=V9+16-0=5

Example-3:

Let the equation of the circle be X + )# + 4x+ 6y + 2 =0.

Compare this given equation with the general equation of the circle, x* + y? + 2gx + 2fy +
c=0.

Here, 2gx = 4x, 2fy=6y, and c=2

So, g=2, =3 andc=2

Now, Centre is at (-g, -f) = (-2, -3) and .:-=,fg'3+f1 —-C =J4+9-2 =411

Some Solved Problems:
Q-1 : Determine which of the circles x? + y* —3x + 4y =0and x> + y* - 6x +8y =01s

greater,
Sol:
The equations of two given circles are

Ciix*+y?—3x+4y=0
and Cpx*+y*—6x+8By=0
In 1% circle 1, g =3, f=2,c=0

2
radius =y =v‘yz+f2—e=J(§) +22—0=J§+4=§
Similarly, In 2™ circle C;, g =3, f=4,¢=0
radius=r, = g2+ fé—c=V32+4° -0=V9+16=5
Since, r; < 13, So, the 2™ circle C,: x* + y? — 6x + 8y = 0 is greater.

Q-2: Find the equation of the circle concentric with the circle x% + y? — 4x + 6y + 10 = 0 and
having radius 10 units.
Sol:
The coordinates of the centre of the given circle, x? + y* — 4x + 6y + 10 = 0 ,are
(—% coeff. of x, -—% coeff.ufy) =(2,-3).
Since the required circle is concentric with the above circle , the centre of the required circle
and above given circle are same.
.. Centre of the required circle is at (2,—3).
Hence, the equation of the required circle with centre at (2,—3) and radius 10 is
(x—2)%+ (y +3)* = (10)?
Or, x*+y*=4x+6y—-87=0

Q-3: Find the equation of the circle whose centre is at the point (4, 5) and passes through
the centre of the circle: x2 + y2 —6x+4y—-12=0.
Sol:
The co-ordinates of the centre of the circle x? + y2 = 6x + 4y =12 =0 are
C, (—g coeff. ofx, -—% coefl. ofy) =C,(3,-2).

Therefore, the required circle passes through the point €;(3,-2).
Given, the centre of the required circle is at C(4,5)



. radius of the required circle= CC; = /(4 = 3)2 + (5 + 2)? = V1 + 49 =50
Hence, the equation of the required circle with centre at €(4, 5) and radius 'V50' is

(x—4)2 + (y - 5)% = (v50)°
Or, x*+y*—-8x—10y—9=0

Q-4: Find the equation of the circle concentric with the circle 4x2 + 4y? — 24x + 16y =9 =10
and having its area equal to 91 sq. units.
Sol:
The equation of given circle is 4x% + 4y? — 24x + 16y —9 =0
Or, x2+}'2—6x+4y-§=0
Centre (—% coeff. ofx, - % coeff.ofy) = (3,-2).
Since the required circle is concentric with the above circle , the centre of the required circle
and above given circle are same.
.. Centre of the required circle is (3,-2) and let its radius be ‘'
Again, Given Area of the required circle = 9
Or, nr’=9n

Or, r=3units
Therefore, the equation of the required circle with centre at (3,—2) and radius 3'is

(x-3Y+@+2)*=@3)
Or, x*+y?’—6x+4y+4=0

Q-5: Find the equation of the circle concentric with the circle 2x? + 2y? + Bx + 12y —25=10

and having its circumference equal to 6r sg. units.

Sol:

The equation of given circle be 2x% +2y? +8x+ 12y —-25=0

Or, x*+y*+4x+ 63:—%:0

centre = (—% coeff. ofx, —% coeff.nfy) = (=2,-3).

Since the required circle is concentric with the above circle, the centre of the required circle

and above given circle are same.

~. Centre of the required circle is (—2,—3) and let its radius be ‘r’

Again, Given, circumference of the required circle = 6m
Or, 2nr = 6m
Or, r=3units

Therefore, the equation of the required circle with centre at (—=2,-3) and radius 3'is
(x+2)2+(y+3)?2 =32

Or, x*+y’+4x+6y+4=0

Equation of a Circle satisfying certain given conditions

The general equation of a circle x* +y?+2gx+2fy+c=0 involves three unknown
quantities g, f and c¢ called the arbitrary constants. These three constants can be
determined from three equations involving g, f and c. These three equations can be
obtained from three independent given conditions. We find the values of g, f and ¢ by
solving these three equations, and putting these values in the equation of circle, we get the

required equation of circle.



Some Solved Problems:
Q-1: Find equation of the circle passes through the points (0, 0), (1, 0) and (0, 1).

Sol:
Let the equation of the circle be

X+ +2gx+2fy+c=0 1)
Since, the circle (1) passes through the points (0, 0), (1, 0) and (0, 1). We have,

0+0+0+0+c=00Or c=0 (2)

1+40+4+29g+0+0=0, Or, g=-1/2 (3)

and, 0+140+2f+0=0, Or, f==-1/2 (4)

Putting the values of g, f and cin equation (1), we get
x”+y“+2(’—l]x+ 2(_—1]y+0=ﬁ
2 2
Or, X+ )’ - x-y=0, is the equation of required circle.

Q-2: Find the equation of the circle passes through the points (0,2), (3,0) and (3,2). Also,
Find the centre and radius.

Sol:
Let the equation of the circle be
x2+y?4+29x+2fy+c=0 (1)
Since, the circle (1) passes through the points (0, 2), (3, 0) and (3, 2) i.e these points lie on
the circle (1), we have,
0+44+0+4f+c=0,

Or, 4f+c=-4 (2)
94+0+69+0+c=0

Or, 6g+c=-9 (3)
and, 9+4++6g+4f+c=0

Or, 6g+4f +c=-13 (4)
On solving equations (2), (3) and (4),

Eqgns (2)+(3) : 6g+4f +2c=-13 (5)
Eqns (5)-(4) : c=0

Putting the value of ¢ in (2) and (3), we get
4f = -4 O f=-1
6g = -9 Or, g= —-:

Putting the values of g, f and c in the general eqn of circle (1), we get

x* +y2+2(—-:-)x+2(—1}y+0=0

Or, xZ+y?-=3x—2y=0,isthe equation of required circle.
Now, the centre of the circle= (—g,—f) = (-E 1)

WY e . _ |9 _n= Y3
and radius= /gt + f*—c¢ = ’;+1 0=~

Q-3: Find the equation of the circle which passes through the origin and cuts off intercepts a

and b from the positive parts of the axes.

Sol:
Let the equation of the circle be B0.b

y-axis



2+y?+2gx+2fy+c=10 (1)

Since, the circle passes through the origin

and cuts off the intercepts a and b from the positive axes.
So, the circle passes through the points

0(0,0), A(a,0) and B(0, b). We have,

04+0+4+0+0+4¢c=0, Or,c=0 (2)
a?+0+2ag+0+0=0, Or, g = —a/2 (3)
and 0+b%+0+2bf=0=0, Or, f =—b/2 4)

Putting the values of g, f and c in the equation of circle (1), we get
x% + y? —ax — by = 0 is the equation of required circle.

Q-4: Prove that the points (2, —4), (3, -1), (3, -3} and (0, 0) are concyclic.

Sol:

Note : To prove that four given points are concyclic (i.e. four paints lie on the circle), we find
the equation of the circle passing through any three given points and show that the fourth
point lies on it.

Let the equation of the circle passing through the points (0, 0), (2, -4) and (3, —1) be

24y +29x+2fy+c=0 (1)
Since the point (0, 0) lies on circle (1),we have,
0+04+0+4+0+c=0, Or, c=0 (2)

Again, since the point (2, —4) lies on circle (1),we have,
44+16+4g—-8f+0=0,
Or, 4g-8f=-20,
Or, g—2f=-5 (3)
Also, since the point (3, —1) lies on circle (1),we have,
9+1+69g—-2f+0=0,
Or, 6g-2f=-10,
Or, 3g—-f=-5 (4)
Now, solving equations (3) and (4), we get
g=-1and f=2
Putting the values of g, f and c in the equation of circle (1), we get
x2+y?-2x+4y =0, (5)
is the equation of circle. Now, to check the 4™ point (3, -3) lies on the circle (5),we put
x=3andy = -3ineqn (5),
9+9-6-12=0,
Therefore, the point (3, -3) satisfies the equation of circle (5) and lies on the circle.
Hence, the given points are concyclic.

Q-5: Find the equation of circle which passes through (3, -2), (-2, 0) and has its centre on
theline 2x —y = 3.
Sol:
Let the equation of the circle be

x2+y2+2gx+2fy+c=0 (1)
Since, the circle (1) passes through the points (3, -2) and (-2, 0) i.e these points lie on the
circle (1),we have

9+4+6g—4f+c=0



Or, 6g—-4f+c=-13 (2)
and 4+0+4g+0+c=0

Or, 4g+c=-4 (3)
Again, the centre (- g, —f) of circle (1) lies on the line 2x —y = 3

-29+f=3 (4)
Now, solving equations (2), (3) and (4), we get
eqn(2)-eqn(3) : 20—-4f=-9 (5)
eqn(4)+eqn(5): -3f = =6, Or,f=2
ie =2g+2=3 Or,g=-1/2

ie 4(-1/2)+c=-4, Or,c=-2

Putting the values of g, f and c in the equation of circle (1), we get
x? +y? +2(—-;~)x+ 2(Qy+(=2)=0

Or, x*+y?—x+4y—2=0 isthe equation of required circle.

Q-6: Find the equation of the circle circumscribing the triangle AABC whose vertices are A(1,
-5), B(5, 7) and C(-5, 1).
Sol:
Let the equation of the circle be
x2+y 4+ 20x+2fy+c=0 (1)
Since, the circle circumscribing the triangle AABC with vertices A(1, -5), B(5, 7) and C(-5,
1), So, the circle (1) passes through the points A(1, -5), B(5, 7) and C(-5, 1).
Therefore,
1+25+29-10f+¢ =0,

Or, 29-10f+c=-26 (2)
25+49+10g+14f+c =0

Or, 10g+14f +c=-74 (3)

and 25+4+1-10g+2f+c=0

Or, -10g+2f+c=-26 (4)

On solving equations (2), (3) and (4), we get

eqn(3)-eqn(2): 8g + 24f = —48, Or,g+3f=-6 (5)

eqn(3)-eqn{4): 20g + 12f = —48, Or,5g + 3f = =12 (6)

eqn(5)-eqn(6): —4g = 6, Or,g= —%

i.e -%+3f=—6, Dr,f=—%

ie  2(-3)-10(-3)+c=-26,0r,c=-38

Putting the values of g, f and c in the equation of circle (1),
x24+yt4 2(—§)x+ 2(-§)y+(—38) =0

Or, x?+y*-3x-3y-38=0 isthe equation of required circle.

3.  Diameter form (Equation of a circle with given end points of a diameter)

Let A(xy,y,) and B(x,, y,) be two end points of diameter

AB of acircle. Let P(x.y) be any point on the circle. P(x.y)
Join AP and BP. .£APB = 90'

( An angle on a semi-circle is right angle)

= & I 3 Blxs,
Now, slope of AP = -y and slope of BP = ﬁ n(x.,y.,\ } (x2.72)




Since AP L BP
By condition of perpendicularity. the prUdUCt of their SlﬂpES = -1
Dr Y=¥1 ¥=¥; = -1

— p—

X=Xy X=Xz
Or. G-y —-y)=—(x—x)(x—x;)

Oor. G-u)ax-x)+@-y)y-y)=0

is the equation of circle with end points of a diameter (x,,y,) and (x,,y,), which is known as
the diameter form of equation of circle.

Some Solved Problems:
Q- 1 : Find equation of a circle whose end points of a diameter are (1, 2) and (-3, —4).
Sol:
We know that, equation of the circle with end points (x,,y;) and (x,,y,) of a diameter is
x—x)x-x)+(=-y)y-y2) =0
Given, the end points of diameter are (1, 2) and (-3, -4).
Therefore, the equation of the circle is
(x-=1) (x+3)+(y-2)(y+4)=0
Or, ¥+2x-3+y¥+2y-8=0
Or, X+yF+2x+2y-11=0

Q-2: Find the equation of the circle passing through the origin and making intercepts 4 and 5
on the axes of co-ordinates.
Sol: y-axia

Let the intercepts be 0A = 4 and 0B = 5. B(0,5
.. The co-ordinates of Aand B are (4,0) and

(0, 5) respectively.

Since £A0B = % therefore AB is the diameter.
According to the diameter form, o 4::.:;1.
Equation of the circle with end points (4,0) and (0,5)
of diameter ABis Fig 3.35

(x—8)x-0+(y-0F-5)=0
Or, x*+y>—-4x-5y=0




